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LeMa^tre-Tolman-Bondi models of spherical dust collapse have been used and continue to be used
extensively to study various stellar collapse scenarios. It is by now well-known that these models
lead to the formation of black holes and naked singularities from regular initial data. The nal out-
come of the collapse, particularly in the event of naked singularity formation, depends very heavily
on quantum eects during the nal stages. These quantum eects cannot generally be treated semi-
classically as quantum fluctuations of the gravitational eld are expected to dominate before the
nal state is reached. We present a canonical reduction of LeMa^tre-Tolman-Bondi space-times de-
scribing the marginally bound collapse of inhomogeneous dust, in which the physical radius, R, and
the proper time of the collapsing dust, τ , are the canonical coordinates R(r) and τ (r) on the phase
space. Dirac’s constraint quantization leads to a simple functional (Wheeler-DeWitt) equation. The
equation can be employed to study some of the eects of quantum gravity during gravitational
collapse with dierent initial conditions.
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I. INTRODUCTION
In the standard treatment of Hawking radiation [1]
from black holes, one begins with a black hole that is
formed in some classical model of gravitational collapse,
surrounds the hole by a quantum eld and examines the
propagation of this eld on the classical background pro-
vided by the hole. The quantum eld behaves as a ther-
mometer. The quantum modes within the horizon are
averaged over and one nds that the black hole radiates
thermally leading to its \evaporation". The tempera-
ture that characterizes the evaporation of a black hole
is inversely proportional to its mass and the radiation
flux is inversely proportional to its mass square. For an
astrophysical black hole, the radiation flux and temper-
ature are therefore so small that the semi-classical ap-
proximation is expected to be an adequate description of
the evaporation until the hole is roughly of Planck di-
mensions at which point higher order quantum gravity
eects will undoubtedly become important. This means
that the nal state of the black hole will depend on quan-
tum gravity. The black hole may evaporate completely
or it may leave a remnant. If it evaporates completely,
it is important to understand what happens to the infor-
mation that was initially trapped within its horizon.
Classical models of collapse also lead to the formation
of naked singularities for regular initial data [2]. One
may then ask if the quantum radiation from naked sin-
gularities is similar to the radiation from black holes. By
surrounding a classical naked singularity with a quan-
tum eld and examining its quantum modes at null in-
nity one nds that the evaporation of a naked singu-
larity is qualitatively distinct from that of a black hole
[3{6]. The radiation flux diverges as the Cauchy hori-
zon [7{11] is approached and the spectrum of the radi-
ation is non-thermal [5,12], falling o as the inverse fre-
quency. Contrary to the case of an astrophysical black
hole, the (divergent) flux should be observable and the
unique spectrum should serve to distinguish objects un-
dergoing this type of collapse from other celestial emit-
ters. However, a closer look at the semi-classical approx-
imation just described reveals that the flux of radiation
is essentially negligible (on the order of one Planck mass)
until about one Planck time before the putative Cauchy
horizon is reached [13]. The semi-classical approximation
therefore signals a quantum instability of naked singular-
ities (and therefore a mechanism for the Cosmic Censor)
but its quantitative predictions must be tested in a full
quantization of all the degrees of freedom, including the
gravitational eld. When quantum gravitational eects
are accounted for, does the flux continue to diverge and
the radiation spectrum continue unique? Indeed, does
the quantum theory serve as a Cosmic Censor and are
there signicant observational consequences of collapse
into naked singularities as the semi-classical approxima-
tion suggests?
In a step toward answering these and other ques-
tions regarding the nal stages of gravitational collapse
Kuchar [14] examined a midi-superspace quantization
of the Schwarzschild black hole, presenting in the pro-
cess a remarkable series of canonical transformations
that greatly simplied the dynamical equations. In the
present paper, we describe a generalization of this work
to spherically symmetric, marginally bound LeMa^tre-
Tolman-Bondi space-times. We show below that there
is an analogous description of the gravitational part of
the action in terms of the \mass function", the physi-
cal radius and their conjugate momenta. Furthermore,
the coupling to dust introduces the proper time of the
collapsing matter and its conjugate momentum. Thus
time evolution appears naturally into the dynamical con-
straints.
The hypersurface action yields two constraints, viz.,
the Hamiltonian constraint and the momentum con-
straint, which are given in terms of this canonical chart
consisting of the mass, F [(r)], contained within spheri-
cal shells of xed shell-label coordinate, (r), the physical
radius, R(r), the dust proper time, (r), and their con-
jugate momenta, PF (r), PR(r) and Pτ (r) respectively.
Here r is the radial label coordinate of a foliation of the
space-time by spacelike hypersurfaces. The momentum
conjugate to the mass function, PF (r), may be elimi-
nated in the Hamiltonian constraint using the momentum
constraint. This leads to a new and simpler constraint
that is able to take the place of the original Hamiltonian
constraint. Dirac’s constraint quantization then yields
a two dimensional Klein-Gordon-like functional equation
with a potential term that depends on the mass function
and its derivative with respect to the label coordinate r.
The simplest possible scenario, in which the mass func-
tion is constant throughout the space-time, the same for
all shells, describes the Schwarzschild black hole. The
Schwarzschild black hole will thus emerge as a special
case of the general class of models we quantize below.
In section II we review the classical collapse models
being considered in this article and present the canoni-
cal formulation for spherically symmetric space-times in
section III, where we also discuss the fall-o conditions
appropriate to the models and the resulting boundary
terms. We reconstruct the mass and time from the canon-
ical data in section IV. This leads naturally to new vari-
ables viz., the mass, the dust proper time, the physical ra-
dius and their conjugate momenta which are introduced
along with the generator of the canonical transformation
from the old to the new variables. We apply Dirac’s
quantization program to the new constraints in section
V, showing how the new variables lead to a simplied
Wheeler-DeWitt equation. Finally we discuss some of
the properties of this equation in section VI, comment-
ing also on possible solutions.
II. CLASSICAL MODELS
The LeMa^tre-Tolman-Bondi models [15] constitute a
complete solution of the Einstein equations for a matter
continuum of inhomogeneous dust, i.e., they are solutions
of the spherically symmetric Einstein’s eld equations,
Gµν = −8GTµν, with vanishing cosmological constant
and with stress-energy describing inhomogeneous, pres-
sureless dust given by Tµν = uµuν . The solution is the
LTB metric, given in co-moving coordinates as [16]













(we have set 8G = 1 = c) where R is the physical ra-
dius. A tilde (~) represents a derivative with respect to
 and a star () represents a derivative with respect to
the dust proper time  . The functions f() and F () are
arbitrary functions only of , interpreted respectively as
the energy and mass functions. The energy density of the
collapsing matter is (; ), and the negative sign in the
third equation above is required to describe a collapsing
cloud. Its general solution is given up to an arbitrary
function  () of the shell label coordinate. This arbi-
trariness reflects only a freedom in our choice of units
i.e., at any given time, say o, the function R(o; ) can
be chosen to be an arbitrary function of .
The mass function, F (), represents the weighted mass
(weighted by the factor
p
1 + f) contained within the
matter shell labelled by . If a scaling is chosen so that
the physical radius coincides with the shell label coordi-
nate, , at  = 0, then it can be expressed in terms of




while the energy function, f(), can be expressed in terms
of the initial velocity prole, v() = R(0; ), according
to




The marginally bound models, which we will consider
in this paper, are dened by f() = 0. For the scaling
referred to above, we must choose  () = 
3
2 , whence the
solution of (2.1) can be written as
R
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The epoch R = 0 describes a physical singularity and









corresponding to the proper time when successive shells
meet the central physical singularity. Various models are
obtained from choices of the mass function, F (). For
example, the Schwarzschild black hole is the marginally
bound solution with F () = 2M , a constant.
A collapsing star does not have sharp boundaries. In
the simplest possible approximation to reality, it will con-
sist of a dense core surrounded by a crust of lower den-
sity which, itself, is encased in a cloud whose density will
smoothly go to zero with distance from the star’s cen-
ter [17]. Nevertheless, as an approximation, one could
consider a sharp boundary at some constant shell label,
b, with an exterior Schwarzschild metric. One could
also consider several regions described by dierent mass
functions describing successively lower matter densities
as one moves out from the center. The mass function as
a whole would not be dierentiable at the boundary or
boundaries, but we require it to be continuous.
One can then examine outgoing families of non-
spacelike geodesics and check if there exist congruences
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that terminate in the past at the central singularity [18].
If such congruences exist then the collapse leads to a
naked singularity and if they do not exist then the col-
lapse leads to a black hole. A naked singularity may fur-
ther be characterized as globally naked or locally naked
depending on whether the outgoing geodesics succeed in
reaching null innity or not.
In general one nds that both black holes and naked
singularities may develop as the end states of collapse,
depending on initial data, i.e., on the initial density and
velocity proles of the collapsing dust. For example, in
the marginally bound self-similar collapse model, F () =
, where  = const:, both outcomes described by the
Penrose diagrams in gure 1 are possible, depending on
whether  > 0:1809 (black hole) or   0:1809 (naked
singularity).
Fig.1: Black hole (left) or naked singularity (right)
It is in fact believed by many that sets of initial data may
evolve in general relativity toward either naked singular-
ities or black holes independently of the equation of state
or the type of matter used.
Geometrodynamics views space-time as the dynami-
cal evolution of spatial hypersurfaces. When the collapse
evolves toward a black hole such spatial hypersurfaces ex-
ist, starting at innity, crossing the horizon and contin-
uing to  = 0 without encountering the central singular-
ity. On the contrary, when the collapse evolves toward a
naked singularity, the spatial hypersurfaces in the future
of the initial singularity cross the Cauchy horizon and col-
lide with the central singularity. No sensible boundary
conditions can be specied on a singularity and evolution
in the future of the initial singularity is arbitrary. To
avoid the consequent breakdown of predictability, Pen-
rose proposed the Cosmic Censor [19] which, as men-
tioned in the introduction, is likely to be the quantum
theory itself and will come into play before the Cauchy
horizon has a chance to form. It is of particular inter-
est, therefore, to understand precisely how the system
behaves close to, but in the past of, the putative Cauchy
horizon. Spatial hypersurfaces in the past of the Cauchy
horizon are well dened and the quantum evolution of the
system may be studied until the time of its formation.
III. CANONICAL DYNAMICS
The line element d on a spherically symmetric three-
dimensional Riemann surface  is completely character-
ized by two functions, L(r) and R(r) of the radial label
coordinate, r, according to
d2 = L2(r)dr2 + R2(r)dΩ2 (3.1)
where Ω is the solid angle. Neither L(r) nor R(r) can be
negative and we take them to be positive denite except
possibly at the center. R(r) represents the physical ra-
dius of the point labeled by r on the surface. It behaves as
a scalar under transformations of r, whereas L(r) behaves
as a scalar density. The corresponding four dimensional
line element may be written in terms of two additional
functions, the lapse, N(t; r), and the shift, N r(t; r), as
ds2 = N2dt2 − L2(dr −N rdt)2 −R2dΩ2: (3.2)
In this spherically symmetric space-time, we will consider
the Einstein-Dust system described by the action









p−g (x) [gαβUαUβ + 1] (3.3)
where R is the scalar curvature. As is well known, the








PL _L+ PR _R−NHg −N rHgr
]
+ Sg∂Σ (3.4)












−L _R− _LR+ (N rLR)0
]
(3.5)
and where the overdot and the prime refer respectively to
partial derivatives with respect to the label time, t, and
coordinate, r. The lapse, shift and phase-space variables
are required to be continuous functions of the label co-
ordinates. The boundary action, Sg∂Σ, is required to can-
cel unwanted boundary terms in the hypersurface action,
thereby ensuring that the hypersurface evolution is not
frozen. It is determined after fall-o conditions appropri-
ate to the models under consideration are specied. The
























0PR − LP 0L (3.6)
We will assume that the chosen mass function, F (),
is such that at innity Kuchar’s fall-o conditions [14]
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are suitable and we will adopt them here. These con-
ditions would be applicable, for example, in models in
which the collapsing metric asymptotically approaches or
is smoothly matched to an exterior Schwarzschild back-
ground at some boundary, b. They read
L(t; r) = 1 + M+(t)r−1 + O1(r−1−)
R(t; r) = r + O1(r−)
PL(t; r) = O1(r−)
PR(t; r) = O1(r−1−)
N(t; r) = N+(t) + O1(r−)
N r(t; r) = O1(r−) (3.7)
Again, because the label radial coordinate r 2 [0;1), we
must also consider the boundary conditions at r = 0. Let
the mass function near the center ( = 0) have a series
expansion of the form





If Fn = 0 8 n > 0 but Fo > 0, the solution describes the
Schwarzschild black hole of mass Fo=2. The marginally
bound, self-similar model mentioned in the previous sec-
tion corresponds to F1 =  > 0 and Fn = 0 8 n 6= 1,
or a density prole that behaves as (0; )  −2. Thus
 = 0 is the singular epoch for the self-similar model and
this singular density prole arises from a regular initial
prole at some  < 0.
Consider models with F () = Fnn. As far as the fall-
o conditions at the center are concerned, two classes of
models arise, viz., n  3 and n > 3. The considerations
below are applicable to models with n  3, although
conditions appropriate to models with n > 3 may likewise
be given. Referring to equation (2.4) we nd that as
 ! 0, R(; )  Ro()n3 + O(n3 +k) and L(; ) 
Lo()
n
3−1 +O(n3−1+k), where k > 0. We will exclude
the black hole (n = 0) in the following because in that
case the space-time may be analytically continued to r =
−1 where the boundary conditions given in (3.7) may
be applied and no conditions at r = 0 need be given. For
a genuine collapse, the cases of interest are those with
n > 0 around the central region.
Let us assume that, at the center, (; ) approach (r; t)
as  = r+O(rα) ( > 1) and  = f(t) +O(rα). Now, in
the following section we will show that the mass function















 1 +O(rα−1): (3.10)
and therefore










The last equation can be satised if PL falls o faster
than r2n/3 and  = 1 + 2n=3. Furthermore, requiring
both terms in the Liouville form to have the same be-
havior at the origin, we choose the following conditions
near r = 0 when n = f1; 2; 3g:
R(r; t) = Ro(t)rn/3 +O(rn/3+)
L(r; t) = Lo(t)rn/3−1 +O(rn/3−1+)
PL(r; t) = O(r2n/3+1+)
PR(r; t) = O(r2n/3+)
N(r; t) = No(t) +O(r)
N r(r; t) = O(r) (3.13)
The conditions (3.7) and (3.13) ensure that the Liouville
form is well behaved both at the origin (O(r(n+))) as
well as at innity (O1(r−)). The Hamiltonian and mo-
mentum densities behave as
Hg = O(rn+1+); Hgr = O(rn−1+) (3.14)
as the origin is approached, and
Hg = O1(r−2(1+)); Hgr = O1(r−(1+)) (3.15)
asymptotically. Thus the total Hamiltonian and momen-
tum are well dened and the surface action is meaningful.
The potential contributions to the surface action can be
read o the constraint equations, (3.6), by considering
variations of the phase space variables. Applying the
fall-o conditions at innity, one nds that only one of
these is non-vanishing and behaves as∫
∂Σ∞
dtN+(t)M+(t): (3.16)
On the other hand, with the fall-o conditions in (3.13) as
r ! 0, all the variations vanish at the origin. Therefore
the only contribution to the boundary action comes from





We will return to this surface action shortly.





p−g (x) [gαβUαUβ + 1] : (3.18)
It has been exhaustively analyzed by Kuchar and Torre
[20] and by Brown and Kuchar [21]. It may be under-
stood in two ways: either as a consequence of imposing
coordinate conditions (the Gaussian conditions) or as a
realistic material medium. For the collapse problem it
is a realistic material medium and for the LTB models
being considered, it is non-rotating. Dust is described by
eight space-time scalars, ,  , Zk and Wk (k 2 f1; 2; 3g).
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The physical interpretation of these variables which fol-
lows from an analysis of the equations of motion was
given in ref. [21] and will be summarized here for com-
pleteness.  is the proper time measured along particle
flow lines, Zk are the comoving coordinates of the dust,
W k are the spatial components of the four velocity in
the dust frame, and  is the dust proper energy den-
sity. All these scalars are assumed to be functions of the
space-time coordinates. In particular, the four variables,
ZK = (; Zk), are independent functions, detjZK,µj 6= 0,
and the four-velocity of the dust particles may be dened
by its decomposition in the co-basis ZK,µ by
Uµ = − ,µ + WkZk ,µ: (3.19)
In the spherically symmetric geometry described by (1.5),















(r; t) [−Ut +N rUr]
Pk = −WkPτ (3.21)
are the momenta conjugate to the the dust proper time






Hdr = − UrPτ : (3.22)
This expression for Hd is obtained by exploiting the
fact that (t; r) is a Lagrange multiplier, and therefore
L= = 0. When the dust is non-rotating (3.22) is fur-
ther simplied by requiring that the dust motion be de-
scribed with respect to the frame orthogonal foliation.
Then we may impose the additional constraints Pk = 0
(when imposed on the state functional these constraints
simply mean that the state functional does not depend
on the frame variables Zk). Using this in (3.21) we see
that Wk = 0 and so Ur = − 0.
Combining the results thus far obtained, we now give







dr [Pτ _ + PL _L



































for the boundary contribution.
IV. NEW VARIABLES
The hypersurfaces we consider, from which (3.2) is con-
structed, must eventually be embedded in a space-time
described by the metric given in (2.1) with f = 0. We
imagine that they are leaves of the foliation (t; r) and
(t; r). Then the functions L(t; r) and R(t; r) appearing
in (3.2)are easily determined by substituting the foliation
in (2.1). We nd
L2 = ~R202 −  02
N r =





( _0 − _ 0) (4.1)
The last of the equations above involves taking a square
root. We must check that the positive square root taken
leads to a positive lapse function in all the regions of
the space-time. Call F = 1 − F=R where F is the mass
function and note that R = −p1−F according to (2.1)
with f = 0.
Substituting the expression for N(t; r) andN r(t; r) ob-
tained in (4.1) into the expressions for the canonical mo-





~R( _0 −  0 _) [−
_R( ~R202 −  02)
+ R0( ~R2 _0 − _ 0)]; (4.2)
which, after some algebra, can be used to obtain  0 in
terms of the canonical variables,


































This is the relation used in the previous section when dis-
cussing the fall-o conditions at the center. It enables us
to determine the mass function locally from the canonical
data. Furthermore, once the dust proper time is xed at
some point on the hypersurface, say at spatial innity,
equation (4.3), which determines the dierence in dust
proper times between any two points r1 and r2 on a spa-
tial hypersurface, will determine it at any point on the








 0 continues to be well behaved, as expected.
It turns out that the functions PF , dened by
PF = −LPL2RF ; (4.8)
and the mass function, F , form a conjugate pair of vari-
ables. Moreover, because neither F nor PF depend on
PR, they have vanishing Poisson brackets with R. They
also have vanishing Poisson brackets with  and Pτ .
Their Poisson brackets with PR, however, do not van-
ish and one cannot directly replace the pair (L;PL) with
the more transparent variables (F; PF ) to form a new
chart. Instead one asks if it is possible to determine
a new momentum, PR, conjugate to R and such that
the set (; R; F; Pτ ; PR; PF ) forms a canonical chart. We
proceed by constructing PR in exactly the same way as
Kuchar did for the Schwarzschild black hole. Then we
show that the transition to the new chart is indeed a
canonical transformation by displaying its generator.
Kuchar [14] proposed that (R;F; PR; PF ) should form
a canonical chart whose coordinates are spatial scalars,
whose momenta are scalar densities and which is such
that Hr(r) generates Di R. This means that
Hr =  0Pτ +R0PR − LP 0L
=  0Pτ +R0PR + F 0PF  0 (4.9)
Substituting the expressions derived earlier for F and PF
into the above one nds





where  = (RR0)(LPL)0 − (RR0)0(LPL). We must now
show that the transformation
(; R; L; Pτ ; PR; PL) ! (; R; F; Pτ ; PR; PF ) (4.11)
∗PF (r) is the equivalent of Kuchar’s PM (r),the momentum
conjugate to the black hole mass function, M(r). The par-
allel between our construction for LTB metrics and Kuchar’s
construction for the Schwarzschild black hole, which inspired
this work, is remarkable because the Schwarzschild metric
(with a varying mass, M(r)) is not dieomorphic to the
LTB metric in (2.1) except in the black hole case, i.e., when
F = 2M = const., and f = 0.
is a canonical transformation.


























where (pi; qi) and (Pi; Qi) are respectively the old and the
new phase-space variables and where G[qi; pi] generates
the transformation. Because we know F and PF in terms
of (R;L; PR; PL), the four non-trivial equations, viz.,





































can be solved for G, and PR can be recovered using the
second of the above equations. The last of (4.13) implies




























RR0 − LPL j
]
+ G2[R;L] (4.15)
and the rst equation ensures that G2 is independent of L.
We will take G2 to be independent also of R and use G to
determine PR from the second equation in (4.13). This
gives precisely (4.10). Next, we verify that the trans-
formation has not introduced fresh boundary terms by
computing the dierence between the old and the new
Liouville forms,∫ 1
0

















RR0 − LPL j
]0}
: (4.16)
Kuchar [14] has shown that the fall-o conditions (3.7)












and hence vanishes at innity. Again, as r ! 0, the
fall-o conditions in (3.13) imply that R ! Ro(t)rn/3,
R ! Ro(t)rn/3, R0 ! Ro(t)rn/3−1, L ! Lo(t)rn/3−1











and therefore also vanishes at the origin. The functional
G dened by (4.15) is well dened. The integrand is of
order r−(1+) at innity and of order r4n/3+1+ at the
origin, avoiding divergences at both places.
There are (innite) boundary terms at the horizon,
when F = 0. It can be shown, however, that the con-
tribution from the interior and the exterior cancel each
other. In the same way, there will be contributions at the
boundary between the interior of the star and its exte-
rior or more generally at any frontier between two LTB
regions described by dierent mass functions. Again, if
the mass function is continuous across the boundary and
regions are consistently matched by equating both the
rst and second fundamental forms, then the contribu-
tion from one side will cancel the contribution from the
other.







dr[Pτ _ + PR _R+ PF _F−

















Let us now re-express the boundary action in a more
convenient form. As Kuchar [14] has emphasized, N+(t)
must be treated as a prescribed function of t. This is to
avoid the conclusion that the total mass M+ as measured
at innity is zero, which would follow from varying the
lapse function at innity. N+(t) must be chosen and,
once chosen, held xed. The freedom in choosing this
function can be combined with the freedom we have of
setting the dust proper time at innity to correspond to
the parametrization clocks there. The lapse function is
the rate of change of the proper time with the coordinate
time at innity, so it is natural to set N+(t) = _+(t) and




It is linear in the time derivative, _+, and denes a one
form which can be re-written in terms of the mass func-









dr[F 0 −  0F + (F 0)]: (4.22)
The rst two terms on the right hand side may be ab-
sorbed into the Liouville form of the hypersurface action
(they modify the canonical momenta) and the last term
is an exact form which can be dropped. The action is
thus expressed entirely as a hypersurface action. Den-






dr[P τ _ + PR _R+ PF _F−
−NHg −N rHgr ] (4.23)
where the constraints in the new chart read
H = −
[
F 0F−1R0 + F(PF −  0=2)PR
2L
]





Hr =  0P τ +R0PR + F 0PF (4.24)
Finally, eliminating the momentum PF from the Hamil-
tonian constraint by using the momentum constraint,
we obtain a new and remarkably simple dynamical con-
straint that takes the place of the Hamiltonian constraint,
(P τ + F 0=2)2 + FP 2R −
F 02
4F  0: (4.25)
This simplied constraint, referred to in the introduction,
is quantized in the following section.
V. QUANTIZATION
>From the dynamical constraint in the previous sec-
tion, one reads o the DeWitt metric, γab, on the cong-







To quantize the system, the momenta must be turned
into operators which act on the state functional. There is
a standard procedure to do this, which follows a proposal
due to Vilkovisky [22,23] and DeWitt [24]: exchange the
classical momenta for covariant functional derivatives,







where Γ is the connection belonging to the conguration
space metric, γab. Then dening





τ(r)F ′(r)dr ~Ψ[; R]; (5.3)








~Ψ[X ] = 0: (5.4)
The metric in (5.1) is positive denite outside the horizon
(F > 0) and indenite inside (F < 0). The functional
equation is therefore elliptic outside the horizon and hy-
perbolic inside. Furthermore, the conguration space is
flat and the metric is brought to a manifestly flat form














~Ψ[; R] = 0; (5.6)
where the positive sign refers to the region outside the
horizon and the negative sign to the interior. The wave-












Ψ = 0: (5.7)
and, together, eqs. (5.6) and (5.7) dene the quantum







where R(0) represents the physical radius at the center,
r = 0.
VI. DISCUSSION
We have accomplished the objective of this arti-
cle, which was to show that there exists a canonical
chart analogous to that used by Kuchar to describe
the Scharzschild black hole and which describes the
marginally bound collapse of inhomogeneous, pressure-
less dust. The advantages of this chart are that it leads
to a description of the quantum theory of collapse in
terms of a more transparent and physically meaningful
set of variables and yields a dynamical constraint that is
greatly simplied compared to the constraints in the orig-
inal chart. The proper time of the collapsing dust enters
naturally and serves as a time variable in the Wheeler-
DeWitt equation.
Specic models must be analyzed separately. The sim-
plest case is the Schwarzschild black hole, in which only
Fo is not zero. Because the mass function is constant
throughout space-time, the potential vanishes and we are







Ψ[; R] = 0; (6.1)
in which the positive sign is applied in the exterior and
the negative sign in the interior. Considering a lattice of
N sites, each labeled by r, on the spatial hypersurface,
the wave-functional may be expressed as a direct product








dr ln Ψr[(r); R(r)]
]
: (6.2)
Thus (6.1) turns into N Schroedinger equations, one for
each label, r. Every equation is solved independently at
its lattice point. The wave-functional that is constructed
from these solutions according to (6.2) must then also
obey the dieomorphism constraint (5.7). This program
has been carried out by two of the authors [25]. The
wave-functional is supported only in the interior, being
identically zero in the exterior (outside the event hori-
zon). This is in keeping with the fact that the exterior is
static and the interior is dynamical. The interior wave-
functions can be characterized as even or as odd parity








e−iErτ sinErR; ErM = 2nr; (6.3)
whereM is the ADM mass of the hole and nr an arbitrary
integer. The total energy is the sum of the energy at each
site, E =
∑
r Er, and obeys
EM = NM2p (6.4)
where N is a natural number and we have reinstated the
Planck mass. However, because the total energy of the
black hole is nothing but its ADM mass, M , we recover
Bekenstein’s mass spectrum and area quantization law
[26],
M2 = NM2p ; A = NAp (6.5)
where Ap is the area of a Planck mass hole. Further-
more, by counting the number of ways in which the to-
tal energy, M , can be distributed between the N sites
and maximizing the result with respect to N to deter-
mine the optimum number of lattice sites [27], we also
obtain Bekenstein’s entropy [28] for the Schwarzschild
black hole.
In all the other cases, when the potential term does not
vanish, the situation is much more complicated. Never-
theless, because no functional F derivatives appear in the
Wheeler DeWitt equation, the solution of the reduced
equation, (5.4), is still expressible as a product state ac-








dr ln ~Ψr[(r); R(r)]
]
: (6.6)
Where the mass function is continuous and dierentiable,
if one considers positive energy solutions of the functional





e−iErτ(r) ~ΨEr [R(r)]; (6.7)
then equation (5.4) leads to the following equation at
















~ΨEr = 0: (6.8)
where the positive sign applies outside the horizon and
the negative sign applies inside. It has a simpler form










~ΨEr = 0: (6.9)
Its solutions are further required to obey the momentum
constraint, (5.7). Where the mass function is continuous
but not dierentiable, the wave-functionals obtained on
either side of the surface on which it is not dierentiable
must be appropriately matched at the surface.
Solutions of (6.9) in the WKB approximation are easy
to obtain. They are valid in the semi-classical regime and
are sucient to describe such quantum phenomena as the
Hawking radiation during black hole formation and in the
limit of large mass. To describe non-perturbative quan-
tum gravity eects, and thus to say something meaning-
ful about the end state of collapse or the behavior of a
collapse in the approach to a Cauchy horizon, it becomes
necessary to obtain exact solutions of (6.9). This is pos-
sible in certain models and will be discussed in a future
publication.
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